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PHASE TRANSITIONS FOR ONE-DIMENSIONAL LORENZ-LIKE
EXPANDING MAPS
GOUVEIA, M. R. A. AND OLER, J. G.
Abstract.
Given an one-dimensional Lorenz-like expanding map we prove that the condition
Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ) (see, subsection 2.4 for definition), introduced by Buzzi and Sarig in ([1])
is satisfied for all continuous potentials φ : [0, 1] −→ R. We apply this to prove that quasi-Ho¨lder-
continuous potentials (see, subsection 2.2 for definition) have at most one equilibrium measure and
we construct a family of continuous but not Ho¨lder and neither weak Ho¨lder continuous potentials
for which we observe phase transitions. Indeed, this class includes all Ho¨lder and weak-Ho¨lder
continuous potentials and form an open and dense subset of C([0, 1],R), with the usual C0 topology.
This give a certain generalization of the results proved in [2].
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1. Introduction
An one-dimensional Lorenz-like expanding map is a map ℓ : [0, 1] \ {d} → [0, 1]
(d is the discontinuity point) such that ℓ|(0,d) and ℓ|(d,1) are C1+α diffeomorphisms
with |ℓ′ | ≥ √2, and α > 0. Since P = {(0, d), (d, 1)} is a partition of the interval
[0, 1] we denote the map ℓ by ([0, 1],P, ℓ), in order to emphasize the importance
of the partition P. Given a continuous map φ : [0, 1] −→ R (also called potential
function), a Borel invariant measure µφ is called an equilibrium state for system
(ℓ, φ) if it is solution of the equation
Ptop(ℓ, φ) = sup
({
hµ(ℓ) +
∫
[0,1]
φ dµ | µ ∈Minv(ℓ)
})
,
where Ptop(ℓ, φ) denotes the topological pressure of (ℓ, φ) (see 2.1).
In this context, Buzzi and Sarig (see [1]) proved that if ℓ is an one-dimensional
Lorenz-like expanding map and φ is a piecewise Ho¨lder continuous potential
such that
(1.1) Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ),
then (ℓ, φ) admits a unique equilibrium state. The proof is based on representing
the system as topologically transitive countableMarkov shifts using theirMarkov
diagrams and considering potentials with summable variations.
Question 1. If ℓ is one-dimensional Lorenz like expanding map, then does every
piecewise Ho¨lder-continuous potential φ satisfy Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ)?
In [3] potentials no presenting property (1.1) were not studied. However,
the authors proved that if φ is a piecewise Ho¨lder-continuous potential and
max
{
lim sup
n→∞
1
n
(Snφ)(0), lim sup
n→∞
1
n
(Snφ)(1)
}
is anupperbound for topological pres-
sure then φ admits a unique equilibrium measure. Our first theorem gives a
negative answer to Question 1. More precisely, we show that if φ is continuous at
[0, 1], then the system (ℓ, φ) has the property (1.1).
TheoremA. Let ([0, 1],P, ℓ) be an one-dimensional Lorenz-like expandingmap and con-
sider φ : [0, 1] −→ R a continuous potential. Then φ satisfies
Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ).
See Section 2 for precise definitions. Using Theorem A above and the Theorem
of [13], we obtain the following corollary:
Corollary B. Let ([0, 1],P, ℓ) be an one-dimensional Lorenz-like expanding map and
φ : [0, 1] −→ R a potential continuous with summable variations. Then φ admits a
unique equilibrium measure.
Considering Th(A) as the set of potentials satisfying the hypothesis of Theo-
rem A and Hα([0, 1],R) being the set of Ho¨lder-continuous potentials we have
Hα([0, 1],R)  Th(A). At this point we can ask the question:
Question 2. Is there a class of potentials admitting a unique equilibriummeasure
which is larger then the class of piecewise continuous potentials?
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Pesin and Zhang in [2] gave a positive answer to this question. The authors
showed that if f is uniformly piecewise expanding map, then the class of po-
tentials, admitting a unique equilibrium measure, is substantially larger then the
class of Ho¨lder continuous potentials. More precisely, they describe a broad
class formed by weakly Ho¨lder continuous potentials, and this class is denote
by Wγ([0, 1],R) which admit unique equilibrium measures and showed that this
class includes some continuous but not Ho¨lder continuous potentials.
Here we show that the class of potentials admitting a unique equilibriummea-
sure is substantially larger then the classWγ([0, 1],R) studied in [2].
Corollary C. If φ ∈ Hα([0, 1],R) ∩Wγ([0, 1],R), then φ ∈ Th(A). In particular, φ
admits a unique equilibrium measure.
In [2], based on Sarig’s results, they construct a family of continuous (but not
Ho¨lder continuous) potentials ϕc exhibiting phase transitions, i.e., there exists
a critical value c0 > 0 such that for every 0 < c < c0 there is a unique equilib-
rium measure for ϕc which is supported on (0, 1] and for c > c0 the equilibrium
measure is the Dirac measure at 0. Here we also build a family of potentials
φt ∈ Th(A) where the phase transition phenomenon occurs. This is established in
the following theorem.
Theorem D. There exists a critical value t0 > 0 such that the family of continuous
potentials φt ∈ Th(A) (note that φt < (Hα([0, 1],R) ∩Wγ([0, 1],R))) presents phase
transitions, i.e:
(1) if t ∈ (−∞, t0), then there are at least two equilibrium measures for φt. The Dirac
measure at p+
k
and p−
k
are the equilibrium states;
(2) if t = t0, then there is no equilibrium state for φt0 ;
(3) if t ∈ (t0,∞), then there is a unique equilibrium measure for φt. This measure is
supported on (0, 1).
We have already seen that Th(A) contains a large amount of continuous poten-
tials that have a single equilibrium measure, but they are not Ho¨lder and are not
weak-Ho¨lder continuous. One of the main objectives of the theory of dynamic
systems has been to study the typical properties of a system. Such studies can be
directed toward understanding and discovering dynamic properties from both
the topological and ergodic points of view, which are satisfied for a “large” set of
dense or residual systems. In this context, Bronzi andOler [3] proved that if ℓ is an
one-dimensional Lorenz-like expanding map and Hα([0, 1],R) is the set of piece-
wise Ho¨lder-continuous potentials of [0,1] with the usual C0 topology, then there
exists an open and dense subset H of Hα([0, 1],R) such that each φ ∈ H admits
exactly one equilibrium state. The next theorem can be seen as a generalization
of this result.
Theorem E. Let ℓ : [0, 1] \ {d} → [0, 1] be an one-dimensional Lorenz-like expanding
map and Th(A) the set of piecewise continuous potentials satisfying the hypotheses of
Theorem A. Then Th(A) is an open and dense subset of C([0, 1],R), in the Cr topology.
Problem 1. Since H ⊂ Th(A), WHγ([0, 1],R) ⊂ Th(A) and Th(A) = [0, 1], is there a
continuous potential φ admitting a unique equilibrium measure such that φ < Th(A)?
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Organization. In Section 2we review some standard facts about one-dimensional
Lorenz-like expanding map and equilibrium states. Section 3 is dedicated to the
proof of Theorem A. Corollary B is proved in Section 4. Corollaries B and C are
proved in Sections 4 and 5 respectively. Sections 6 and 7 are devoted to proof
Theorems D and E.
Acknowledgment. We thank Krerley Oliveira for proposing the problem and for
many helpful suggestions during the preparation of the paper. Also, we thank
Omri Sarig and Ali Messaoudi for some helpful conversations and comments on
the formulation and proof of Theorem D.
2. Background and preliminary results
2.1. One-dimensionalLorenz-like expandingmap. Lorenzmapsoriginally arise
from the study of geometric models for the Lorenz equations [4, 5, 6, 7, 8]. This
model induces an one-dimensional Lorenz-like expanding map. Here we are conside-
ring the maps studied by Glendinning in [9].
Definition 2.1. An one-dimensional Lorenz-like expanding map is a function
ℓ : [0, 1]→ [0, 1] satisfying the following properties:
(1) ℓ has a unique discontinuity at x = d and ℓ(d+) = lim
x→d+
ℓ(x) = 0,
ℓ(d−) = lim
x→d−
ℓ(x) = 1;
(2) For any x ∈ [0, 1] \ {d}, ℓ′(x) > √2 ;
(3) Each inverse branch of ℓ extends to a C1+θ, function on [ℓ(0), 1] or on[0, ℓ(1)], for
some θ > 0, and if g denotes any of these inverse branches, then g′(x) = λ < 1.
PSfrag replacements
0 d 1
Figure 1. One-dimensional Lorenz-like expanding map.
We denote by P the natural partition of [0, 1]\{d}, i.e.,
P = {(0, d), (d, 1)}. The boundary of P is ∂P := {0, d, 1}. Also, we define
P(n) = {Cn = P0 ∩ L−1(P1) ∩ · · · ∩ L−n+1(Pn−1) , ∅ | Pi ∈ P}.
In order to find a periodic point for an one-dimensional Lorenz-like expanding
map we define C+n and C
−
n as the cylinders on the right and left hand side of
the discontinuity d, respectively, i.e., d ∈ ∂C±n . For this purpose we introduce an
auxiliary family An by recursively as follows: let A0 := (d, 1),
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if d < Ti(A0) we definte Ai = T(Ai−1) for each 0 < i ≤ n − 1
or
if d ∈ Ti(A0) we definte

An = T
n(A0),
An+1 = T
n(A∗n),
where A∗n is the connected component of An \ {d}which contains Tn(d+).
Definition 2.2. (see [3, 10]) An integer N is a cutting time for T if d ∈ AN.
We show that there are sequences of integers {N±
k
}k∈N and sequences of periodic
points (p±
k
) such that p±
k
k→∞−−−→ d±, where d± ∈ ∂CN±
k
, and ℓN
±
k (p
±
k
) = p
±
k
with p
±
k
∈ CN±
k
,
∀ k ≥ 1. Moreover, we show that P(φ, ∂P, ℓ) can be calculated by the average of
p±
k
.
Lemma 2.1. (see [3]) For every k ∈N there exist p±
k
∈ CN±
k
such that ℓN
±
k (p±
k
) = p±
k
.
2.2. Regularity of potential functions. Let φ : [0, 1]→ R be a potential function.
A map φ is a piecewise continuous potential if its restriction to any element of P is
continuous. We denote
CP([0, 1],R) := {φ : [0, 1]→ R such that φ is piecewise continuous potential}.
A map φ ∈ C([0, 1],R) is a piecewise Ho¨lder-continuous potential if its restriction
to any element of P is Ho¨lder continuous, i.e., for all x, y in the some element of
P, we have
|φ(x) − φ(y)| ≤ K|x − y|α,
for some constants α > 0 and 0 < K < ∞. Let us denote by Hα([0, 1],R) the set
HαP([0, 1],R) := {φ ∈ C([0, 1],R) : φ is piecewise Ho¨lder continuous potential}.
We define the n-variation of φ ∈ C([0, 1],R) as
Vn(φ) = sup
x,y∈Cn ∈Pn
{∣∣∣φ(x) − φ(y)∣∣∣} .
We say that a potential φ ∈ C([0, 1],R) has summable variations if∑
n≥2
Vn(φ) < +∞.
For simplicity of notation, we write
SV([0, 1],R) := {φ ∈ C([0, 1],R) sucht that φ has summable variations}.
We say that φ is weakly-Ho¨lder-continuous if there exist A > 0 and 0 < γ < 1 such
that
Vn(φ) ≤ Aγn, for all n ≥ 1.
With this notation, we have
WHγ([0, 1],R) := {φ : [0, 1]→ R |φ is weak-Ho¨lder continuous potential}.
We say that φ is quasi-weakly-Ho¨lder-continuous if there exists 0 < γ < 1 such that
for all n ≥ 1,
Vn(φ) ≤ A(n)γn, for all n ≥ 1,
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and lim
n→∞
A(n + 1)
A(n)
< 1. Let us introduce the notation
qWHγ([0, 1],R) := {φ : [0, 1]→ R sucht that φ is quasi-weak-Ho¨lder continuous potential}.
2.3. Birkhoff averages properties. Given amapφ ∈ C([0, 1],R), we have a notion
of Birkhoff averages defined by
(Snφ)(x) = φ(x) + φ(ℓ(x)) + · · · + φ(ℓn−1(x)) =
n−1∑
j=1
φ(ℓ j(x)).
We say that a potential φ : [0, 1] −→ R has bounded distortion if there exists a
constant C > 0 such that
∣∣∣∣∣1n
(
(Snφ)(x) − (Snφ)(y)
)∣∣∣∣∣ ≤ C, for all x, y ∈ Cn ∈ P(n−1).
Lemma 2.2. Let ℓ : [0, 1] \ {d} → [0, 1] be an one-dimensional Lorenz-like expanding
map and φ : [0, 1] −→ R a continuous map. Then φ has bounded distortion.
Proof. As x, y ∈ Cn ∈ P(n−1) and diam(Cn) −→ 0 when n→∞, for all δ, there exists
n0 = n0(δ) such that , then sup
{
d(ℓn(x), ℓn(y))
} ≤ δ, ∀ n ≥ n0.
Since φ is a continuous function defined on [0, 1], we have that φ is uniformly
continuous on [0, 1]. Thus by uniform continuity there exists n1 > 0 such that,
then
n ≥ n1 ⇒
∣∣∣φ(ℓn(x)) − φ(ℓn(y))∣∣∣ < ǫ
2
, for all x, y ∈ Cn.
Take n2 > n1, such that 2
n1M
n2
<
ǫ
2
, where
M = max
0≤ j≤n1
{∣∣∣φ(ℓ j(x))∣∣∣ , ∣∣∣φ(ℓ j(y))∣∣∣} .
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Therefore, if n ≥ n2, then∣∣∣∣∣1n
(
(Snφ)(x) − (Snφ)(y)
)∣∣∣∣∣ = 1n

∣∣∣∣∣∣∣
n−1∑
j=0
φ(ℓ j(x)) −
n−1∑
j=0
φ(ℓ j(y))
∣∣∣∣∣∣∣

≤ 1
n

n−1∑
j=0
∣∣∣φ(ℓ j(x)) − φ(ℓ j(y))∣∣∣

=
1
n

n1−1∑
j=0
∣∣∣φ(ℓ j(x)) − φ(ℓ j(y))∣∣∣ + n−1∑
j=n1
∣∣∣φ(ℓ j(x)) − φ(ℓ j(y))∣∣∣

≤ 1
n

n1−1∑
j=0
(∣∣∣φ(ℓ j(x))∣∣∣ + ∣∣∣φ(ℓ j(y))∣∣∣)
 + 1n

n−1∑
j=n1
∣∣∣φ(ℓ j(x)) − φ(ℓ j(y))∣∣∣

≤ 1
n
(n1M + n1M) +
(
n − 1 − n1
n
)
· ǫ
2
< 2
n1M
n
+
ǫ
2
< 2
n1M
n2
+
ǫ
2
<
ǫ
2
+
ǫ
2
= ǫ.

As ℓ is not continuous in d ∈ [0, 1] we make the following convention: Snφ(d+)
is the right-hand side limit of the function Snφ(z) at d and Snφ(d−) is the left-hand
side limit of Snφ(z) at d. More precisely, for any n ∈N we define
Snφ(d
±) = lim
z→d±
n−1∑
i=0
φ(ℓi(z)).
By definition ℓ(d+) = 0 and ℓ(d−) = 1, so we conclude that:
lim sup
n→∞
1
n
Snφ(d
+) = lim sup
n→∞
1
n
Snφ(0) and lim sup
n→∞
1
n
Snφ(d
−) = lim sup
n→∞
1
n
Snφ(1).
The following Lemma 2.3 guaranties that the above relations are well defined.
Lemma 2.3. (see [3]) Let ℓ : [0, 1] \ {d} → [0, 1] be an one-dimensional Lorenz-like
expanding map and consider φ ∈ Cα([0, 1],P).
(i) If does not exist n0 ∈N such that ℓn0(0) = d, then
lim sup
n→∞
1
n
Snφ(d
+) = lim sup
n→∞
1
n
Snφ(0).
(ii) If there exists n0 ∈N such that ℓn0(0) = d, then
lim sup
n→∞
1
n
Snφ(d
+) =
1
n0
Sn0φ(0).
The same conclusion holds for d− replacing 0 for 1.
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Remark 2.1. From now on we use lim sup
n→∞
1
n
Snφ(0) or lim sup
n→∞
1
n
Snφ(1) to refer one of
the items in the above Lemma 2.3.
Lemma 2.4. Let ℓ : [0, 1] \ {d} → [0, 1] be an one-dimensional Lorenz-like expanding
map and a potential φ ∈ C([0, 1],P). If N+
k
∈ N is such that d ∈ ∂CN+
k
, p+
k
∈ CN+
k
and
ℓN
+
k (p+
k
) = p+
k
, then
lim sup
k→∞
1
N+
k
SN+
k
φ(p+k ) = lim sup
n→∞
1
n
Snφ(0).
If N−
k
∈N is such that d ∈ ∂CN−
k
, p−
k
∈ CN−
k
and ℓN
−
k (p−
k
) = p−
k
, then
lim sup
k→∞
1
N−
k
SN−
k
φ(p−k ) = lim sup
n→∞
1
n
Snφ(1).
2.4. Topological Pressure. According to Buzzi-Sarig [1], the pressure of a subset
S ⊂ [0, 1] and a potential φ ∈ qWHγ([0, 1],P) is defined by
(2.1) Ptop(φ, S, ℓ) = lim sup
n→∞
1
n
log

∑
Cn∈P(n) : S∩Cn,∅
sup
x∈Cn
eSnφ(x)
 ,
where the Birkhoff average is well defined.
The topological pressure of L for φ ∈ Cα([0, 1],P) is defined by
P(φ, ℓ) = Ptop(φ, [0, 1], ℓ).
Corollary 2.1. Let L : [0, 1] \ {d} → [0, 1] be an one-dimensional Lorenz-like expanding
map, φ ∈ CP([0, 1],R), and
M(φ, L) = max
{
lim sup
n→∞
1
n
(Snφ)(0), lim sup
n→∞
1
n
(Snφ)(1)
}
.
Then
M(φ, L) − C ≤ Ptop(φ, ∂P, L) ≤M(φ, L) + C.
Proof. We Just use Lemma 2.2 and make the superficial modifications to the proof
of Proposition 3.1 of [3]. 
Proposition 2.1 (see [1]). Consider ℓ a piecewise expanding Lorenz-like map and a
piecewise uniformly continuous potential φ. Let ν be an ergodic probability measure. If
ν(S) > 0, then
Ptop(φ, S, ℓ) ≥ hν(ℓ) +
∫
φ dν,
where hν(ℓ) is the metric entropy of ν.
Furthermore, letMℓ([0, 1]) denote the collection of ℓ-invariant Borel probability
measures on [0, 1]. A measure µφ ∈ Mℓ([0, 1]) is called an equilibrium state for φ if
sup
µ∈Mℓ([0,1])
{
hµ(ℓ) +
∫
φ dµ
}
= hµφ(ℓ) +
∫
φ dµφ.
PHASE TRANSITIONS FOR ONE-DIMENSIONAL LORENZ-LIKE EXPANDING MAPS 9
Theorem 2.1 ([1]). Let ([0, 1],P, ℓ) be a piecewise expanding map such that for all non-
empty open sets U we have ℓ([0, 1]) ⊂
⋃
k≥0
ℓk(U), and consider a potential φ ∈ C([0, 1],P)
satisfying Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ). Then Ptop(φ, ℓ) = sup
µ∈Mℓ([0,1])
{
hµ(ℓ) +
∫
φ dµ
}
and
there is a unique measure equilibrium state for potential φ.
2.5. Countable Markov subshifits. Here we follow the notations, definitions
and results of [1]. Let dom(ℓn) ⊂ [0, 1] denote the domain of definition of ℓn. The
symbolic dynamics of ([0, 1],P, ℓ) is the left-shift σ defined on the set:
Σ(ℓ) =
{
C = (P0,P1, ...) ∈ PN∪{0} : ∃ x ∈ [0, 1] ,∀ n ≥ 0, x ∈ dom(ℓn) and ℓn(x) ∈ Pn},
where { · }denotes the closure in the compact spacePN∪{0}. For allC ∈ Σ(ℓ), themap
π : Σ(ℓ) −→ [0, 1] is defined by π(C) =
⋂
n≥0
Cn. Indeed, we define Φ : Σ(ℓ) −→ R to
be Φ(C) = lim
n−→∞
inf
(
φ (Cn)
)
, where φ : [0, 1] −→ R is continuous potential. As ℓ is
piecewise expanding, π and Φ are well defined.
Proposition 2.2. (see [1]) Define ∆ = (π−1(∂P)). If Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ) then
π : Σ(ℓ)\

⋃
k≥0
σk (∆)
 −→ [0, 1]\

⋂
k≥0
ℓ−k(∂P)

is a measure-theoric isomorphism and satisfies π ◦ σ = ℓ ◦ π.
A shift invariant probability measure m is called an equilibrium measure for
Φ : Σ(ℓ) −→ R if hm(σ) +
∫
Φ dm is well defined and maximal. The Gurevich
pressure of Φ is given by
PG(Φ, σ) = lim
n−→∞
1
n
log

∑
σn(x)=x
e(SnΦn)(x)1[a](x)
 ,
where a ∈ S is fixed, [a] = {x ∈ Σ : x0 = a} and (SnΦ) =
n∑
i=0
Φ ◦ σi.
Let Pσ(Σ) denote the collection of σ−invariant Borel probability measure on Σ.
The pressure of m ∈ Pσ(Σ) is given by Pm(Φ, σ) = hm(σ) +
∫
Φ dm. Note that this
is not always well-defined, Φ might not be integrable, or it might happen that
hm(σ) = +∞ and
∫
Φ dm = −∞. If σ is topologically mixing and sup (Φ) < ∞, then
P(Φ) = sup {Pm(Φ) : m ∈ Pσ(Σ), Pm(Φ) is well defined } .
The condition sup (Φ) < ∞ guarantees that
∫
Φ dm is well defined (possibly
infinite), so the well defined condition reduces to a preclusion of the m for which
hm(σ) = ∞ and
∫
Φ dm = −∞. In this the authors prove the following:
Theorem 2.2. (see [1]) Let (Σ, σ) be a topological transitive countable Markov shift and
suppose Φ : Σ −→ R satisfies sup (Φ) < ∞, P(Φ, σ) < ∞ and
∑
n≥0
varn(Φ) < ∞. Then
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there exists at most one invariant probability measure m such tha
∫
Φ dm is well defined
and maximal.
3. Proof of Theorem A
Let φ ∈ CP([0, 1],R), be a piecewise potential. The function φ±k is defined by
φ±
k
(x) = φ(x)+φ±0 (x), for all x ∈ P, where the behavior of the familyφ±0 is defined as
follows. Recall that by Corollary 2.1, there exists a subsequenceN±
k
→∞ such that
d ∈ ∂CN±
k
, p±
k
∈ CN±
k
and ℓN
±
k (pk) = p
±
k
. Let I
±
j
= (ℓ j(p
±
k
) − δ±
k
, ℓ j(p
±
k
) + δ±
k
) be intervals,
where 0 ≤ j ≤ N±
k
− 1. Since the orbit of p±
k
is a finite set, there exists δ±
k
> 0 such
that I
±
i
∩ I±
j
= ∅, for all 0 ≤ j, i ≤ N±
k
−1with i , j. Fix δ±
k
> 0 and consider a periodic
point p±
k
∈ [0, 1] with period N±
k
, of the one-dimensional Lorenz-like expanding
map ℓ.
The function φ±
j,k
is defined by
φ±j,k(x) =

exp
( −1
(x − ℓ j(p±
k
) + δ±
k
)(x − ℓ j(p±
k
) − δ±
k
)
)
, x ∈ I±
j
0 , x ∈ (I±
j
)c,
for all j ∈ {0, 1, · · · ,N±
k
− 1} and x ∈ [0, 1]. Here for simplicity of notation, we write
M = exp( 1
(δ±
k
)2
). Note that for each j ∈ {0, 1, · · · ,N±
k
− 1}, ℓ j(p±
k
) is a maximum local
point of φ j,k in I j,k and φ j,k(ℓ j(p±k )) = M.
Let (an) be a sequence of real numbers such that an tends monotonically to zero
and
1
n
∞∑
j=0
a j < ∞ (e. g an = 1n ). In this way we construct φ±j,k by
φ±j,k(x) =

a j
M
· φ j(x) , x ∈ I±j
0 , x ∈ (I±
j
)c.
Observe that the largest value assumed by φ±
j,k
on I j is a j. Finally we define
φ±0 (x) =

N±
k
−1∑
j=1
φ±j,k(x) , x ∈
N±
k
−1⋃
j=1
I±j
0 , x ∈

N±
k
−1⋃
j=1
I±j

c
.
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Remark 3.1. As the map φ±0 is C
∞ we have that φ
±
k
is uniformly continuous. Indeed, as
each φ j,k is built on the orbit of the periodic point p±k , we have φ
±
0 (ℓ
j(p±k )) =
N±
k
−1∑
j=0
a j and
SNkφk(p
±
k ) = SNkφ(p
±
k ) + φ0(ℓ
j(p±k )) = SNkφ(p
±
k ) +
N±
k
−1∑
j=0
a j.
By Proposition 2.1 and Lemma 2.4, we have
(3.1) Ptop(φ, S, ℓ) = max
{
lim sup
k→∞
1
N+
k
SN+
k
φ(p+k ), lim sup
k→∞
1
N−
k
SN−
k
φ(p−k )
}
.
where p+
k
∈ CN+
k
, p−
k
∈ CN−
k
are such that ℓN
+
k (p+
k
) = p+
k
, ℓN
−
k (p−
k
) = p−
k
and d ∈
∂CN+
k
∩ ∂CN−
k
.
First we consider k fixed. Considering CN+
k
∈ P(N+k −1) as in Corollary 2.1, then
there exists p+
k
∈ CN+
k
such that ℓN
+
k (p+
k
) = p+
k
. Furthermore one can construct
a measure µ+
k
(·) =
(
1
N+
k
∑N+
k
−1
j=0
δℓ j(p+
k
)
)
(·), where δℓ j(p+
k
) is the Dirac measure with
δℓ j(p+
k
)(ℓ
j(p+
k
)) = 1, j ∈ {0, 1, · · · ,N+
k
− 1}. As µ+
k
(CNk) > 0 by Proposition 2.1 we have
(3.2)
Ptop(φ+k , ℓ) ≥ Ptop(φ+k ,CN+k , ℓ) ≥ hµ+k (ℓ) +
∫
φ+
k
dµ+
k
=
1
N+
k

N+
k
−1∑
j=0
φ+k (ℓ
j(p+k ))
 = 1N+
k

N+
k
−1∑
j=0
(φ + φ±0 )(ℓ
j(p+k ))

=
1
N+
k

N+
k
−1∑
j=0
(φ)(ℓ j(p+k )) +
N+
k
−1∑
j=0
(φ+0 )(ℓ
j(p+k ))

=
1
N+
k
SNkφ(p
±
k ) +
1
N+
k

N+
k
−1∑
j=0
φ−0 (ℓ
j(p+k ))

=
1
N+
k
SNkφ(p
±
k ) +
1
N+
k
N+
k
−1∑
j=0
a j.
Using the same arguments for µ−k (·) =
 1N−
k
N+
k
−1∑
j=0
δℓ j(p−
k
)
 (·), where δℓ j(p−k ) is the
Dirac measure with δℓ j(p−
k
)(ℓ
j(p−
k
)) = 1, j ∈ {0, 1, · · · ,N−
k
− 1}. we obtain
(3.3) Ptop(φ−k , ℓ) ≥
1
Nk
SNkφ(p
−
k ) +
1
Nk
N±
k
−1∑
j=0
a j.
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By using (3.2) and (3.3), we get
(3.4) Ptop(φ
±
k , ℓ) ≥ max

1
N+
k
(SN+
k
φ)(p+k ) +
1
N+
k
N+
k
−1∑
j=0
a j,
1
N−
k
(SN−
k
φ)(p−k ) +
1
N−
k
N−
k
−1∑
j=0
a j
 .
As
Ptop(φ, ℓ) + Ptop(φ
±
0 , ℓ) ≥ Ptop(φ + φ±0 , ℓ) = Ptop(φ±k , ℓ).
we have that
Ptop(φ, ℓ)+Ptop(φ
±
0 , ℓ) ≥ max

1
N+
k
(SN+
k
φ)(p+k ) +
1
N+
k
N+
k
−1∑
j=0
a j,
1
N−
k
(SN−
k
φ)(p−k ) +
1
N−
k
N−
k
−1∑
j=0
a j
 .
Now we need to compute Ptop(φ
±
0 , ℓ). To do this, observe that
Zn(φ±0 , S) =
∑
Cn∈P(n−1)
sup
x∈Cn
eSn(φ
±
0 )(x)
=
∑
Cn∈P(n−1) : Cn∩O(p±),∅
sup
x∈Cn
eSn(φ
±
0
)(x)
+
∑
Cn∈P(n−1) : Cn∩O(p±)=∅
sup
x∈Cn
eSn(φ
±
0
)(x).
By definition of φ±0 , we have φ
±
0 (x) = 0, for all x < O(p
±). Thus
∑
Cn∈P(n−1) : Cn∩O(p±)=∅
sup
x∈Cn
eSn(φ
±
0 )(x) = 0.
So
Zn(φ
±
0 , S) =
∑
Cn∈P(n−1) : Cn∩O(p±),∅
sup
x∈Cn
eSn(φ
±
0
)(x).
By Remark 3.1, as φ±0 (ℓ
j(p±k )) =
N±
k
−1∑
j=0
a j, we obtain that
(3.5)
1
n
log(Zn(φ
±
0 , S)) =
1
n
log

∑
Cn∈P(n−1) : Cn∩O(p±),∅
sup
x∈Cn
eSn(φ
±
0 )(x)

≤ 1
n
log
(
N±k e
n supk∈N{ak}
)
= supk∈N{ak}.
Letting n→∞ in the inequation (3.5), for all k ≥ 1 we get
(3.6) Ptop(φ
±
0 , ℓ) ≤ sup
k∈N
{ak}.
PHASE TRANSITIONS FOR ONE-DIMENSIONAL LORENZ-LIKE EXPANDING MAPS 13
Combining inequalities (3.4) and (3.6), we obtain
(3.7)
Ptop(φ, ℓ)+sup
k∈N
{ak} ≥ max

1
N+
k
(SN+
k
φ)(p+k ) +
1
N+
k
N+
k
−1∑
j=0
a j,
1
N−
k
(SN−
k
φ)(p−k ) +
1
N−
k
N−
k
−1∑
j=0
a j
 .
Letting k →∞ at inequality (3.7), we have that
(3.8) Ptop(φ, ℓ) ≥ max
{
lim sup
k→∞
1
N+
k
SN+
k
φ(p+k ), lim sup
k→∞
1
N−
k
SN−
k
φ(p−k )
}
+
3c
2
.
Combining (3.1) and (3.8) we obtain Ptop(φ, S, ℓ) < Ptop(φ, ℓ).
4. Proof of Corollary B
Let us first prove that ([0, 1], ℓ) is topologically transitive. ConsiderU,V ⊂ [0, 1]
non-empty open sets. Being ℓ uniformly piecewise expanding mapwe could find
k0 ∈ N, such that [0, 1] ⊂ ℓn0(U). As V ⊂ [0, 1] ⊂ ℓn0(U) then there exists k0 ∈ N,
such that V ∩ ℓn0(U) , ∅. Thus we have proved that ℓ is topologically transitive.
In the second part of the proof we showed that sup (Φ) < ∞. Note that,
|Φ(C)| =
∣∣∣∣ lim
n−→∞
inf
(
φ (Cn)
)∣∣∣∣ ≤ lim
n−→∞
∣∣∣∣inf (φ(Cn))
∣∣∣∣ ≤ lim
n−→∞
∣∣∣∣sup (φ(Cn))
∣∣∣∣ .
As sup
x∈P
(
φ
)
< ∞, we have that |Φ(C)| < ∞ and obtain sup
C∈Σ(ℓ)
(Φ) < ∞.
Now, we will prove that PG(Φ, σ) < ∞. To do this, observe that by Proposition
2.2 we have that PG(Φ, σ) = Ptop(φ, [0, 1], ℓ). Hence, we have
Zn(φ, [0, 1]) =
∑
Cn∈P(n−1) :S∩Cn,∅
sup
x∈Cn
eSnφ(x)
≤ #
{
Cn ∈ P(n−1) : S ∩ Cn , ∅
}
en sup(φ)
≤ 2nen sup(φ).
Thus,
PG(Φ, σ) = Ptop(φ, [0, 1], ℓ)
= lim sup
n→∞
1
n
logZn(φ, [0, 1])
≤ lim sup
n→∞
1
n
log
(
2nen sup(φ)
)
= log(2) + sup(φ).
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As sup
x∈[0,1]
φ < ∞ we obtain PG(Φ, σ) < log(2) + sup(φ) < ∞. The next step, is to
prove that
∑
n≥0
Vn(Φ) ≤ ∞. If C1,C2 ∈ Cn ⊂ Σ(ℓ), then:
|Φ(C1) − Φ(C2)| =
∣∣∣∣ lim
n−→∞
inf
(
φ(C1n)
)
− lim
n−→∞
inf
(
φ(C2n)
)∣∣∣∣
≤ lim
n−→∞
∣∣∣∣inf (φ (C1n)) − inf (φ (C2n))
∣∣∣∣ .
On the other hand,∣∣∣∣inf (φ (C1n)) − inf (φ (C2n))
∣∣∣∣ ≤ |φ(x1) − φ(x2)|, x1 ∈ C1n, x2 ∈ C2n.
Thus,
|Φ(C1) − Φ(C2)| ≤ |φ(x1) − φ(x2)|, x1 ∈ C1, x2 ∈ C2.
Therefore, ∑
n≥2
Vn(Φ) =
∑
n≥2
sup
C1 ,C2∈Cn
{|Φ(C1) − Φ(C2)|}
≤
∑
n≥2
sup
x1∈C1 ,x2∈C2
{∣∣∣φ(x1) − φ(x2)∣∣∣}
≤
∑
n≥2
sup
x1 ,x2∈Cn
{∣∣∣φ(x1) − φ(x2)∣∣∣}
=
∑
n≥2
Vn(φ).
Since,
∑
n≥2
Vn(φ) ≤ ∞, we get
∑
n≥2
Vn(Φ) ≤ ∞. As (Σ, σ) satisfies the hypothesis of
Proposition 2.2 and σ ◦ π = π ◦ ℓ, this finishes the proof of Corollary B.
5. Proof Corollary C
Note that if φ ∈ HαP([0, 1],R) then∑
n≥2
Vn(Φ) =
∑
n≥2
sup
x,y∈Cn
{∣∣∣φ(x) − φ(y)∣∣∣}
≤
∑
n≥2
sup
x,y∈Cn
{∣∣∣K ∣∣∣x − y∣∣∣α∣∣∣}
≤ |K|
∑
n≥2
λα, (see Definition 2.1, item 3)
< ∞.
Now, if φ ∈ Wγ([0, 1],R) then
∑
n≥2
Vn(Φ) ≤ A
∑
n≥2
γα < ∞. Thus if
φ ∈ HαP([0, 1],R) ∩WHγ([0, 1],R) then φ ∈ SV([0, 1],R).
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On the other hand, if φ ∈ HαP([0, 1],R) ∩WHγ([0, 1],R), then φ is continuous
and applying the same arguments used in the proof of Theorem A, we have
Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ), which proves the Corollary C.
6. Proof Theorem D
For all t ∈ R define the one-parameter family of functions φt : [0, 1]→ R, by
φt(x) =

1
[t(1 − log(x))]n , x ∈


∞⋃
n=0
Cn
 − {0}

0 , x = 0.
We have divided the proof of the Theorem D into a sequence of Lemmas.
Lemma 6.1. For all t ∈ R, we have φt < Hα([0, 1],R).
Proof. Suppose that there exists s ∈ R such that φs is a Ho¨lder continuous map.
Thus |φs(x)−φs(y)| ≤ [φs]α|x− y|α, where [φs]α is a positive constant. In particular,
since φs(0) = 0, we have that
|φs(x)|
xα
≤ [φs]α. Therefore,
[φs]α ≥
|φs(x)|
xα
=
∣∣∣∣∣ 1xα[c(1 − ln(x))]n
∣∣∣∣∣
This is absurd, since the right-hand side diverges as x −→ 0. 
Lemma 6.2. For all t ∈ R, we have φt <WHγ([0, 1],R).
Proof. Suppose that there exists r ∈ R such that φr is a weak Ho¨lder continuous
map. Thus Varn(φr) ≤ Aγn, where A is a positive constant. Therefore,
A ≥ Varn(φr)
γn
=
sup
x,y∈Cn
∣∣∣φr(x) − φr(y)∣∣∣
γn
.
In particular, since φr(0) = 0, we have that
A ≥
sup
x∈Cn
∣∣∣φr(x)∣∣∣
γn
≥
∣∣∣φn(x)∣∣∣
γn
=
∣∣∣∣∣ 1γn[c(1 − ln(x))]n
∣∣∣∣∣
This is absurd, since the right-hand side diverges as x −→ 0. 
Lemma 6.3. For all t ∈ R, φt ∈ qWHγ([0, 1],R).
Proof. Note that for all t ∈ N, φt is continuous in [0, 1] and so it is bounded.
Indeed, ∀ x ∈ (0, 1],
(
dφt
dx
)
(x) =
d
dx
(
1
[t(1 − log(x))]n
)
=
n
xtn(1 − ln(x))n+1 .
Thus,
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Varn(φt) = sup
x,y∈Cn
{∣∣∣φt(x) − φt(y)∣∣∣}
= sup
x,y∈Cn
{∣∣∣∣∣∣
(
dφt
dx
)
(x)(x − y)
∣∣∣∣∣∣
}
= sup
x,y∈Cn
{∣∣∣∣∣ nxtn(1 − ln(x))n+1 (x − y)
∣∣∣∣∣
}
=
∣∣∣∣∣ nxtn(1 − ln(x))n+1
∣∣∣∣∣ sup
x,y∈Cn
{∣∣∣x − y∣∣∣}
=
∣∣∣∣∣ nxtn(1 − ln(x))n+1
∣∣∣∣∣ diam(Cn),
where x¯ is a point between x and y given by the Mean Value Theorem. By
definition 2.1, item 3 we get diam(Cn) = λn, where λ ∈ (0, 1). Thus,
Varn(φt) =
∣∣∣∣∣ nxtn(1 − ln(x))n+1
∣∣∣∣∣λn
= A(n)λn,
where A(n) =
∣∣∣∣∣ nxtn(1 − ln(x))n+1
∣∣∣∣∣.
As
A(n + 1)
A(n)
=
∣∣∣∣∣ n + 1xtn+1(1 − ln(x))n+2
∣∣∣∣∣∣∣∣∣∣ nxtn(1 − ln(x))n+1
∣∣∣∣∣
=
∣∣∣∣∣∣
(n + 1)xtn(1 − ln(x))n+1
nxtn+1(1 − ln(x))n+2
∣∣∣∣∣∣
=
n + 1
n
1
t(1 − ln(x))
we have lim
n→∞
A(n + 1)
A(n)
< 1 and, therefore, φt ∈ qWHγ([0, 1],R). 
Lemma 6.4. If t ∈ (t0,∞), where t0 = λ
1 − ln(x) , then φt ∈ SV(P,R). So, there is a
unique equilibrium measure for φt. This measure is supported on (0, 1).
Proof. Note that
∞∑
n=2
Varn(φt) =
∞∑
n=2
∣∣∣∣∣ nλ
n
xtn(1 − ln(x))n+1
∣∣∣∣∣ ≤ ∞
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because
lim
n−→∞
(
Varn+1(φt)
Varn(φt)
)
= lim
n−→∞
∣∣∣∣∣∣∣∣∣∣∣
(n + 1)λn+1
xtn+1(1 − ln(x))n+2
nλn
xtn(1 − ln(x))n+1
∣∣∣∣∣∣∣∣∣∣∣
= lim
n−→∞
∣∣∣∣∣∣
(n + 1)λn+1xtn(1 − ln(x))n+1
nλnxtn+1(1 − ln(x))n+2
∣∣∣∣∣∣
= lim
n−→∞
(
n + 1
n
λ
t
1
1 − ln(x)
)
=
λ
t
1
1 − ln(x) < 1.
As φt ∈ SV(P,R) by Corollary B, we conclude that φt admits a unique equili-
brium measure. 
Lemma 6.5. If t ∈ (−∞, t0), where t0 = λ
1 − ln(x) , then there are at least two equilibrium
measures for φt. The Dirac measure at p+k and p
−
k
are the equilibrium states.
Proof. Note that if t ∈ (−∞, t0), then φt < SV(P,R), i.e,
∞∑
n=2
Varn(φt) =
∞∑
n=2
∣∣∣∣∣ nλ
n
xtn(1 − ln(x))n+1
∣∣∣∣∣ = ∞
because
lim
n−→∞
(
Varn+1(φt)
Varn(φt)
)
=
λ
t
1
1 − ln(x) > 1.
On the other hand, we fixed k and consider p±
k
∈ CN±
k
such that ℓN
±
k (p±
k
) = p±
k
(see
Corollary 2.1). Furthermore one can construct a measure
µ±k (·) =
 1N±
k
N±
k
−1∑
j=0
δℓ j(p±
k
)
 (·), where δℓ j(p±k ) is the Dirac measure with δℓ j(p±k )(ℓ j(p±k )) = 1,
j ∈ {0, 1, · · · ,N±
k
− 1}. Indeed we can write n = q+nN+k + r+n , 0 ≤ r+n ≤ N+k − 1. Hence,
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Ptop(φt, ℓ) = Ptop(φt, [0, 1], ℓ) ≥ Ptop(φt,CN±
k
, ℓ)
= lim sup
n→∞
1
n
log

∑
Cn∈P(n) :CN±
k
∩Cn,∅
sup
x∈Cn
eSnφt(x)

= lim sup
n→∞
1
n
log
sup
x∈C±nk
eSnφt(x)

≥ lim sup
n→∞
1
n
log
(
eSnφt(p
±
k
)
)
= lim sup
n→∞
1
n
Snφt(p
±
k )
= lim
n→∞
(
q±n
q±nN±k + r
±
n
SN+
k
φt(p
±
k ) +
1
q±nN±k + r
±
n
Sr±nφt(p
±
k )
)
=
1
N±
k
SN±
k
φt(p
±
k ) =
N±
k
−1∑
j=0
1
N±
k
[t(1 − ln(ℓ j(p±
k
)))]N
±
k
= ∞.
Thus,
hµ±(ℓ) +
∫
φt dµ± =
1
N±
k

N+
k
−1∑
j=0
φt(ℓ
j(p±k ))

=
1
N+
k
n−1∑
j=0
1
[t(1 − ln(ℓ j(p±
k
)))]n
= ∞
So,
Ptop(φt, ℓ) = ∞ = hµ±(ℓ) +
∫
φt dµ
±.

Lemma 6.6. If t =
λ
1 − ln(x) , then there is no equilibrium state.
Proof. If t =
λ
1 − ln(x) , then φ(x) =
(
1 − ln(x)
λ
)n (
1
1 − ln(x)
)n
. Indeed,
∞∑
n=2
Varn(φt) =
∞∑
n=2
∣∣∣∣∣ nx(1 − ln(x))
∣∣∣∣∣ = ∞.
Suppose that
Ptop(φ, ℓ) = sup
µ∈Mℓ(X)
{
hµ(ℓ) +
∫
φ dµ
}
.
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As φ is continuous, we get sup(φ) < ∞. Thus there exists M > 0 such that
Ptop(φ, ℓ) ≤M. Repeating the same arguments used in the proof of Lemma 6.5, we
obtain
Ptop(φ, ℓ) ≥ hµ±(ℓ) +
∫
φ dµ±
=
1
N±
k

N±
k
−1∑
j=0
φt(ℓ
j(p±k ))

=
1
N+
k
N±
k
−1∑
j=0
(
1 − ln(x)
λ
)N±
k
(
1
1 − ln(ℓ j(p±
k
))
)N±
k
≥ 1
N±
k
N±
k
−1∑
j=0
(
1
1 − ln(ℓ j(p±
k
))
)N±
k
So, doing k −→ ∞ we have M ≥ Ptop(φt, ℓ) ≥ ∞ which is a contradiction.
Therefore, the variational principle cannot occurs. This shows that the potential
φ has no equilibrium state. 
7. Proof Theorem E
Consider φ ∈ Th(A). By definition of Th(A) we have that
Th(A) =
{
φ ∈ CP([0, 1],R) : φ ∈ SV([0, 1],R) and Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ)
}
= S(φ) ∩D(φ),
where
S(φ) =
φ ∈ CP([0, 1],R)
∣∣∣∣∣∣∣
∑
n≥2
Vn(φ) < ∞
 ,
and
D(φ) =
{
φ ∈ CP([0, 1],R)
∣∣∣Ptop(φ, ∂P, ℓ) < Ptop(φ, ℓ)} .
In order to prove that Th(A) is open and dense in CP([0, 1],R) it is sufficient to
show that S(φ) andD(φ) are open and dense in CP([0, 1],R). By Theorem A in [3],
D(φ) is open and dense in CP([0, 1],R). Thus we only need to show that S(φ) is
open and dense in CP([0, 1],R). For this we observe that
S(φ) =
φ ∈ CP([0, 1],R)
∣∣∣∣∣∣∣
∑
n≥2
Vn(φ) < ∞

=
φ ∈ CP([0, 1],R)
∣∣∣∣∣∣∣ limn−→∞
n∑
j=2
V j(φ) = s

⊂
φ ∈ CP([0, 1],R)
∣∣∣∣∣∣∣∀ n ≥ 0,∃M > 0 :
∣∣∣∣∣∣∣
n∑
j=2
V j(φ)
∣∣∣∣∣∣∣ < M
 .
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Fix n ≥ 0 and define F, G : CP([0, 1],R) −→ R, by F(φ) = Vn(φ) and
G(φ) =M −
∣∣∣∣∣∣∣
n∑
j=2
V j(φ)
∣∣∣∣∣∣∣. If φ0, φ1, φ2 ∈ C(P,R) then
∥∥∥F(φ1) − F(φ2)∥∥∥C0 =
∥∥∥Vn(φ1) − Vn(φ2)∥∥∥C0
=
∥∥∥∥∥∥ supx,y∈Cn
{∣∣∣φ(x) − φ(y)∣∣∣} − sup
x,y∈Cn
{∣∣∣φ(x) − φ(y)∣∣∣}
∥∥∥∥∥∥
C0
=
∥∥∥ ∥∥∥(φ1)Cn∥∥∥ − ∥∥∥(φ2)Cn∥∥∥ ∥∥∥C0 ≤
∥∥∥(φ1 − φ2)Cn∥∥∥C0
≤
∥∥∥φ1 − φ2∥∥∥C0
and
lim
φ→φ0
G(φ) = lim
φ→φ0
M −
∣∣∣∣∣∣∣
n∑
j=2
V j(φ)
∣∣∣∣∣∣∣
 = M − limφ→φ0

∣∣∣∣∣∣∣
n∑
j=2
V j(φ)
∣∣∣∣∣∣∣

= M −
∣∣∣∣∣∣∣
n∑
j=2
(
lim
φ→φ0
V j(φ)
)∣∣∣∣∣∣∣ =M −
∣∣∣∣∣∣∣
n∑
j=2
V j(φ0)
∣∣∣∣∣∣∣
= G(φ0).
Thus
S(φ) ⊂
φ ∈ CP([0, 1],R)
∣∣∣∣∣∣∣∀ n ≥ 0,∃M > 0 :
∣∣∣∣∣∣∣
n∑
j=2
V j(φ)
∣∣∣∣∣∣∣ < M
 = G−1( (0,+∞) ).
Recall that by Corollary 2.4, there exists a subsequence N+
k
→ ∞ such that
d ∈ ∂CN+
k
, p±
k
∈ CN±
k
and LN
±
k (pk) = p
±
k
. Let I
±
j
= (L j(p
±
k
) − δ±
k
, L j(p
±
k
) + δ±
k
) be intervals,
where 0 ≤ j ≤ N±
k
− 1. Since the orbit of p±
k
is a finite set, there exists δ±
k
> 0 such
that I
±
i
∩ I±
j
= ∅, for all 0 ≤ j, i ≤ N±
k
− 1 with i , j. Consider
B
±
ǫ,k(x) =

N±
k
−1∑
j=0
B
±
ǫ,k, j(x) , x ∈
N±
k
−1⋃
j=0
I
±
j
0 , otherwise.
where B
±
ǫ,k, j
is a bump function defined by figure 2.
Consider φ
±
ǫ,k
(x) = φ(x) + B
±
ǫ,k
(x), where φ ∈ S(φ). Then we have the following
properties:
(1) φ
±
ǫ,k
is continuous;
(2) ‖φ±
ǫ,k
− φ‖C0 < ǫ, for all φ ∈ Cα([0, 1],P).
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Figure 2. Bump function B
±
ǫ,k, j
.
PSfrag replacements
L j(pk)
L j(pk) + δkL
j(pk) − δk
ǫ
L j(0)
δk δk
We need show that φ
±
ǫ,k
∈ S(φ). First, note that∑
n≥2
Vn(φ
±
ǫ,k) =
∑
n≥2
sup
x,y∈Cn
{∣∣∣φ±ǫ,k(x) − φ±ǫ,k(y)∣∣∣
}
=
∑
n≥2
sup
x,y∈Cn
{∣∣∣∣(φ(x) − φ(y)) − (B±ǫ,k(x) − B±ǫ,k(y)
)∣∣∣∣
}
=
∑
n≥2
sup
x,y∈Cn
{∣∣∣φ(x) − φ(y)∣∣∣} +∑
n≥2
sup
x,y∈Cn
{∣∣∣B±ǫ,k(x) − B±ǫ,k(y)∣∣∣
}
=
∑
n≥2
Vn(φ) +
∑
n≥0
Vn(B
±
ǫ,k).
On the other hand, by definition of B
±
ǫ,k,l
, we get
Vn(B
±
ǫ,k,l
) = sup
x,y∈Cn
{∣∣∣B±ǫ,k(x) − B±ǫ,k(y)∣∣∣
}
≤ sup
x,y∈Cn
{∣∣∣B±ǫ,k(x)∣∣∣
}
+ sup
x,y∈Cn
{∣∣∣B±ǫ,k(y)∣∣∣
}
≤ 2ǫ.
So we have that
∑
n≥2
Vn(φ
±
ǫ,k) < ∞, which completes the proof.
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